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Abstract 

In this paper we investigate solvability of a partial integral equation in 
the space L2(r2 x Q,), where S7 = [ajb]". We define a determinant for the 
partial integral equation as a continuous function on Q and for a continu- 
ous kernels of the partial integral equation we give explicit description of 
the solution. 
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In the models of solid state physics [1] and also in the lattice field theory [2], 
there appear so called discrete Schrodinger operators, which are lattice analogies 
of usual Schrodinger operators in continuous space. The study of spectra of 
lattice Hamiltonians (that is discrete Schrodinger operators) is an important 
matter of mathematical physics. Nevertheless, on studying spectral properties 
of discrete Schrodinger operators three appear partial integral equations in a 
Hilbert space of multi- variable functions [1,3]. Therefore, on the investigation 
of spectra of Hamiltionians considered on a lattice, the study of a solvability 
problem for partial integral equations in L2 is essential (and even interesting 
from the point of view of functional analysis). 

A question on the existence of a solution of partial integral equations for 
functions of two variables were considered in [4-8] and others. In this paper 
we consider an integral equation on the space of functions of two variables 
L2(f^ X fi), where $7 = [a, 6]'' C M'', with one partial integral operator. We 
define a determinant for the partial intergal equation (PIE) as a continuous 
function on fi, which helps to obtain the classical Fredholm theorems for a 
PIE, and for a continuous kernels of the PIE we give explicit description of the 
solution. 

Let Ti. — L2(ri X £7) {Hq = L2(ri)) be a Hilbert space of measurable and 
quadratic integrable functions on x £7 (on fi), where = [a,^]''. We denote 
by jj, the Lebesgue measure on Q and define the measure /x on x $7 by /i = 
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In the space V,, we consider a partial integral operator (PIO) Ti defined by 

Tif = I k{x,s,y)f{s,y)ds, f 



where k{x, s, y) € L2{n^). The function k{x, s, y) is called kernel of the PIO Ti. 
If there exists a number M such that 

h{t) < M for almost all i G O, (/) 

then the operator Ti is a linear bounded operator on li and it is uniquely defined 
by its kernel k{x,s,y), where 



b{t) = j j \k{x,s,t)\'^dxds. 



n Q 



A kernel k{s,x,y) corresponds to the adjoint operator Tj*, i.e. 

Ti*/ = J k{s,x,y)fis, y)ds, f gH. 

n 

Consider a family of operators {Ka}ae(i associated with Ti by the 

following formula 

= J k{x,s,a)ip{s)ds, ip &Ho, 
n 

where k{x, s, y) is the kernel of Ti. 

Further, if a set of integralabity in the integral is absent, then we mean 
intcgralabity by the set f7. First, we consider certain properties of PIO Ti with 
the kernel k{x,s,y) G L2{n^) satisfying the condition (I) and then we study 
solvability of the PIE with the kernel k{x, s, y) G C(fl'). 

Lemma 1. Let / G W and (py{x) = f{x,y), where y G Q is fixed. Then for an 
arbitrary e > 0, there exists a subset fl^ C fl such that iJ,{fle) > A*(f^) — £ o-'nd 
(fa G Ho, a G rie- Moreover, \\(pa\\ < C, a G il.^ for some C > 0. 

Proof. Let f & H and = 7^ 0. Define two sequences of measurable subsets 
in n by the following equalities: 



|y : J \f{x,y)\'^dx < n, y G o| , n G : 



Bn = l^y: J\fix,y)\'^dx>n, y€n\, n G N. 



The sequences of subsets {An} and {Bn} hold the following properties: 
1°. Ai c A2 C . . . C An C . . . and Bi D B2 D . . . D Bn D . . . ; 
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2°. lim An= [j and lim -B„ = f] B„; 

3". = ^„ U B„ and .4„ n B„ = 0, n e N. 

Further, we define two bounded sequences of non-negative numbers a„ and 

A„ a B„ n 

The sequences of numbers a„ and 6„ have the properties: 
4°. a„ is increasing and 6„ is decreasing; 
5°. a„ + bn = d, n G'N. 

/^From the boundcncss and monotonicity of the sequences a„ and 6„ wc infer 
that both of them have finite hmit. By the property 5° and by the construction 
of the set -B„ we obtain that d — a„ > 0, n G N and d > a„ + n/i(-B„), n e N. 
Then /u(-Brt) < (d — an)/n, n S N. Therefore Hm /x(i?„) = 0. By the property 

n — *oo 

3° wc have fi{An) ~ — fi{Bn), n e N. Hence, Um = i.e. for 

n — >oo 

an arbitrary small £ > there exists a number no G N such that — e < 
lj.{Ano) < and < iJL{Bn„) < s. Moreover, this means that 

y \ifa{x)'^dx = j \f{x,a)fdx<no, a G Ano- 

Then, for the set = Ang we have S Ho, a e and ||i^a|| < C, a G Clg 
for aU C > no. □ 

Corollary 1. Let f G H, \\f\\ = 1 and fy{x) = f{x,y), where y G ft is fixed. 
Then there exists a measurable subset flo C fl such that, /x(f2o) > and the 
family {(pa} aeo of functions on Q has the following property: (pa S Ho, en € fio 
and < \\<Pa\[ < C, a € Oo for some C > 0. 

Corollary 2. Let f 6 H. Then there exists a decreasing sequence {sn}neN of 
posity numbers such that lim £„ = and 

n— >oo 

(a) for each n G N there exists a measurable subset f2„ C with the propertie 
/i(f2„) > — £n such that fli C f22 C . . . C fin C . . . and IJ r2„ = f2; 

('ftj /or each n G N, t/^i"^ G Woi S 0„ and there exists a positive number 

C„ such that \\'f'a''\\ < Cn, Va G fin, where tp^\x) = f{x,a), a G fin; 
(c) for any n G N, the function 

f „\ - / fi^^V)^ «/ i^iV) G^Xfln, 

Jn\x,y)-y otherwise 
belongs to Ti and lim fn{x,y) = f{x,y). 

n— >oo 

Proposition 1. The following two conditions are equivalent: 
(i) A number X G C is an eigenvalue for the operator Ti; 
(a) A number X G C is an eigenvalue for operators {Ka}aes^o' where CIq is 

some subset of fl such that iJ.{flo) > 0. 
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Proof. Wc start with the imphcation (i) ^ (ii). Let A G C be an eigenvalue 
of operator Ti, i.e. Ti/o = A/o for some /o G W, ||/o|| = 1- We define (fa = 
Va{x) = fo{x,a), a G fl. Therefore, we have a family {(fa}aeQ of functions on 
fl. Then, by Corollary 1, there exists a subset f^o C such that fi{flo) > and 
(fa G Ti-o, a G r^o, ||<^a|| 7^ 0, Va G ^lo. For an arbitrary a G we have 

Ka^a = j k{x,s,a)(pa{s)ds = j k{x,s,a)fo{s,a)ds = Xfo{x,a) = X(pa{x), 

i.e. the number A is an eigenvalue for K^, a E Qq. 

Now, we prove the implication (ii) (i). Suppose that there exists a subset 
Qo iu r2 with /i(0o) > and a number A G C is an eigenvalue for operators 
Koc, a G ^Iq. Since Ka is a compact operator for all a E fl, then there exists a 
function /o G W, /o ^ [9] such that Ti/o = A/q. □ 

Proposition 2. If X G C is an eigenvalue of the operator Ti, then the number 
X is an eigenvalue of the operator T^. 

Proof. Let A G C be an eigenvalue of the operator Ti . Then there exists a subset 
r^o C il, /Lt(r2o) > such that A is an eigenvalue of the every compact operator 
Ka, a € flo- Therefore the number A is an eigenvalue of every operator K*, 
a G Oo : 

K^ip = j k{s,x,a)ip{s)ds, ipeHo- 

By Proposition 1, the number A is an eigenvalue of the adjoint operator T^. □ 

Proposition 3. Every eigenvalue of the operator Ti has infinite multiplicity. 

Proof. Let A G C be an eigenvalue of Ti. Hence, there exists an element /o 
ll/oll = 1 such that Ti/o = A/o- Wc consider a subspace Lq C H : Lq = {f & 
TL : f{x,y) = h{y)f{){x,y), where b ~ b{y) is an arbitrary bounded measurable 
function on fi}. For every f E Lq we have Tif = A/, i.e. Lq C Ma, where 
Mx is the eigen-subspace corresponding to A. But, the subspace Lq is infinite 
dimensional, therefore, Mx is also infinite dimensional subspace of H. □ 

Now we consider the equation 

/ - xTi/ = go, (1) 

in the space H, where / is an unknown function from W, giQ G W is given (known) 
function, G C is a parameter of the equation, Ti is PIO with a kernel k{x, s, y) 
continuous on fJ'^. 

It is clear that, if k{x, s, y) G C(Q^) then for all a G the integral operators 

Ka on TCo are compact. For each a € flwe denote by Aa\>c) and Ma\x, s; k), 
respectively, the Fredholm determinant and the Fredholm minor of the operator 
E — KKa, X G C [10], where E is the identity operator in Hq. According to 
the continuity of the kernel k{x,s,y) and miiform convergence of the series for 

Aa^(x) and Ma\x,s;x) for every x G C we obtain [10] that the function 
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Di{y) = Di{y; m:) on fl and the function Mi{x,s,y) = Mi{x, s,y; x) on O^, 
which arc given respectively by the equahties 

= AW(x), yen and Mi{x,s,y; k) = M^^\x,s; x), y e Q, 

are continuous functions on D. and fl^ for every >c G C 

The continuous function Di{y) = Di{y; >c) {Mi{x,s,y) = Mi{x, s,y; x)) is 
called a determinant {a minor) of the operator E — j*Ti, x gC 

Definition 1. If for a number xq <E C Di{y, xq) ^ for all y S O, then xq 
is called a regular number of the PIE (1). A set of all regular numbers of the 
PIE (1) is denoted by TIt^. 

Definition 2. If for a number >tfo £ C there exists a point t/o G SI such that 
Di{yo', xq) = 0, then >cq is called a singular number of the PIE (1). A set of all 
singular numbers of the the PIE (1) is denoted by St^- 

Definition 3. If for a number >tfo £ C there exists a measurable subset 
r^o C with /u(f2o) > such that Di{y; kq) = 0, Vy G fJo, then xq is called a 
characteristic number oi the the PIE (1). A set of all characteristic numbers of 
the PIE (1) is denoted by Xt^. 

Definition 4. A number xq G £. \s called an essential number of the PIE 
(1) if xq e <Sti \ Xt^. a set of all essential numbers of the PIE (1) is denoted 
by £ti ■ 

Thus, for a parameter x of the PIE (1), there exist subsets TZt^, Sti, Xt^, 
and £ti in C, which have the following relations: 

(i) 7^Tl U 5ti = C and Ut, n = 0; 

(ii) Xti U £ti = and Xt^ n £ti = 0- 

^Prom Definitions 1, 2, 3 and 4 one gets that for an arbitrary non-zero PIO 
Ti sets TZti and £ti are non-empty, but Xt^ may be empty. For example, 
consider a PIE in the space L2{[0, 1]^) : 

1 

f{x,y)-x j e''~'eyf{s,y)ds = go{x,y), 



where / is an unknown function in i2([0, 1]^), 5o £ ^2([0) 1]^) is an arbitrary 
given function. For this PIE, the determinant has a simple form Di{y;x) = 
I- xey,ye [0, 1]. Therefore St, = l] and Xt, = 0. 
/^From Proposition 1 and Definition 3 it follows 

Theorem 1. A number X € C, X ^ 0, is an eigenvalue of the operator Ti if 
and only if X~^ e Xt,- 

Theorem 2. a) if xq G £ti, then xq £ £t^ ; 
b) if xo e Xti , then xq G Xt* ■ 

Proof. Let xq G f^i- Then there exists a point yo £ fl with Z)i(yo;>fo) = 
and we have G D, : Di{y; xq) = 0} = 0. But using a property of the 
determinant Di{y; xq) we obtain that Di{y; xq) = Di(y;35o), where Di{y;'xQ) 
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is a determinant of the operator E — T^qTi ■ Therefore, we have Di(j/o; >?o) = 
and /i |j/ G il : Di {y: >?o) = o| = 0, i.e. the number Jcq is an essential number of 

the adjoint equation / — JcQT^f = go, and the proof of property a) is complete. 
The proof of the property b) can be proceeded analogously. □ 

Theorem 3. If >co e T^n then for every go € H the PIE (1) has a unique 
solution on H and it is of the form f = go + x^Bgo, where an operator B = 
B{xo) acts in 7i by the formula 

f Mi(x,s,y;Ko) 

hut the corresponding homogeneous equation f — xqIi/ = has only trivial 
solution (zero solution). Here Di{y; xq) and Mi{x, s, y; ho) are the determinant 
and the minor of the operator E — xqTi , respectively. 

Proof. Lot Ko G T^-Ti and xq ^ 0. First, we prove that PIE (1) is solvable in W. 
By Corollary 2, for the function go there exists a decreasing sequence of non- 
negative numbers £„ and a sequence of increasing measurable subsets r2„ c fi, 
which satisfy the properties (a), (b) and (c) with lim £„ = 0. For every f2„ we 

define a subspace L^^^ = x fl) as follows: a function f G H belongs to 

the subspace L^^\ if it satisfies the following conditions: 

(i) ipi^\x) = f{x,a) G Tio, Va G fin, 

(ii) there exists a positive number C„ such that ll<pi"''|| < Cn, '^a G Qn', 

(iii) fix, y) = if (x, y)enx{Q\ftn). 

For every / G H, there exists a sequence /„ G L^2^\ n G N, such that 
lim /„ = /. Therefore, first we find a solution of the equation (1) in the space 

n — >oo * 

^2"'' and we can find a solution of the equation (1) in the space H as the limit 
f{x,y) = lim fn{x,y), where /„ are solutions of the equation (1) in the space 

n— »oo 

Lj"^- Thus, the equation (1) in £3"^ reduces to the following one: 

fn{x,y) - xoTifn{x,y) =gn{x,y), (3) 

where 9„ is an clement of Lj"'' corresponding to the function go{x, y). 

Hence, by the property (b) of Corollary 2, for each fixed y G il, the equation 
(3) reduces to the following second type Predholm integral equation in Wo '■ 

ip^^Hx)-><oK^vi^\x)^h<-^\x), aen (3') 

where ip'^\x) = fn{x,a) is an unknown function in 7io, h^a\x) = gn{x,a) is a 
given function in lio- 

By the first fundamental Fredholm theorem, the equation (3') for every 
a G fl„ has the only solution 

^i") = f^:\x) = h^:\x) + KoB^h^^\x), 
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where the operator Ba = ^^(xo) acts in Ho by the formula 

f Mi'\x,s;Ho) 
Baf = / 7T1 ip[s)ds, [a e S2„) 



and Ba is compact. Here Aa {>co) and ^(x, s;><o) are the Fredholm deter- 
minant and the Fredholm minor of the operator E — hqKoc, respectively. 

It is clear, that if a £ ^\^n then the equation (3') has the solution ip^a\x) = 
0. Hence, the function /„(x, y) = iplj^^ (x) belongs to the subspace and it is a 
solution of the equation (3), where (p'^\x), if € Q the solutions of the equation 
(3'). We define the function /o G H by the equality fo{x, y) — {E+>coB)go{x, y), 
where the operator B — B{>cq) acts in H by the formula (2) and it is a bounded 
operator. But, if y G ri„ then we have 

h{x, y) = go{x, y) + KoBgo{x, y) = gn{x, y) + xoBgn{x, y) = 

= h'^^x) + KoByh^^\x) = = fn{x,y), 

and for every y e O \ 0„ we have fo{x, y) = (fi^\x) = 0. Thus, by the property 
(c) of Corollary 2 we obtain /o(x,y) = lim fn{x,y). Therefore the function 

n — ^oo 

f{x, y) = fo{x, y) = {E + xoB)go{x, y) is a solution of the equation (1). 

Thus, we have proved that the equation (1) is solvable. Now we prove 
uniqueness of the solution of the equation (1). Suppose, fiGH and /2 G H 
arc solutions of the equation (1), where /i 7^ /2. Then, for the function / = 
/i — /2 ^ we have f — >coTif = 0, i.e. the homogeneous equation f — >coTif = 
has a solution / 7^ 0. Hence, the number is an eigenvalue of Ti, then by 
Theorem 1 we obtain that xq G Xt^ . But this is impossible since kq G TZti ■ 

Using Proposition 1 we can show that for kq G TZti the homogeneous equa- 
tion / — KfjTif = has only trivial solution. The proof is complete. □ 
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Theorem 4. Let hq G £ti- If the free term go of the PIE (1) satisfies the 
condition 

f\go{s,y)?ds 

T7T7 M^'^y < {^^) 

then PIE (1) has a unique solution on H and it has a form f = go + xoBgo € H, 
but corresponding homogeneous equation / — xqTi/ = has only trivial solution, 

where the operator B is given by (2). 

Proof. Let kq G £ti- Put Q' = {y € Q : Di{y; kq) = 0}. It is evident that 
fl' ^ and /i(O') = 0. However, for every y G fl\fl' the function fo{x,y) = 
go{x, y) + xoBgo{x, y) satisfies the equation (1). Now it is enough to show that 
fo GH. Suppose that go satisfies the condition (II). We have 



\Bgo{x,y)fdxdy = j j 



2 

Mi{x,s,y;xo) , 

— — r— 50(5, y)ds 

Di{y\^o) 



dxdy < 
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^ f f ( I \Mi{x,s,y;>co)\ ■ lgo(^' ^^.^^ < 
-J J \ \Di{y;>io)\ J 

J \Di{y;Ko)\^ 

where No = max \Mi{x, s,y; ho)\- 

But for the function go{x, y) from the Cauchy-Schwartz inequality for almost 
all ?/ e f2 we have 



\go{s,y)\ds < ^ ■ W / \go{s,y)\'^ds. 



Hence, we obtain 

\Bgo{x,y)\'dxdy < {No ■ n{n)f ■ [ iMfl^l^dy < oo, 

i.e. Bgo G W, therefore /o = go + xoBgo S H and /o is a solution of the equation 
(!)• 

Uniqueness of the solution follows from Theorem 1. Using Proposition 1 one 
can also show that the homogeneous equation / — xqTi/ = has only the trivial 
solution. □ 

Remark 1. The condition (II) in Theorem 4 is natural. 
For example, for the equation 

1 

fix, y)-xj e'-'yfis, y)ds = e^y ^2 (4) 



in the space L2([0, 1]^), wc have Di{y; x) = l~Ky, y £ [0, 1] and Mi{x, s, y; k) = 
e^~''y. Hence, Sti = £ti = [l,oo). For each x ^ [l,oo), the equation (4) has 
the solution 

fo{x,y) = € L2{[0,lf). (5) 

L- xy 

If >co e [1, 00), then the function (10) is a continuous function on the set O' = 
[0, 1] X ([0, 1] \ {l/>^o}) with i2{n') = /i([0, 1] X [0, 1]) and for every y G [0, 1] \ 
{I/kq} the function (10) satisfies the equation (4), but /o ^ L2{[0, 1]^). 

Remark 2. Let k{x,s,y) G C(f2^). Then, in the case of xq G £ti, the set 
of all functions g gH (see Theorem 4), which satisfies the inequality 

J\9{s,y)\'ds ^ 
7777 \ITdy < 

is infinite dimensional subspace in H. 
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